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I. IKTRODUCTIOK-
A. General Remarks 
The plane problems of elasticity are known to be readily 
susceptible to treatment by m,eans of a stress function, 
F(x,y), from which stresses are obtained by simple differenti­
ation, The function F, known as Airy's^ function, satisfies 
the differential equation 
(1) 
where Laplace's operator in two dimensions is 
When no body forces are present the stresses are given by 
the following relations: 
,3, 
' y y C?* 5 '^ 
in the coxirse of time there have been obtained in 
various ways a large number of functions F, solutions of 
(1), representing states of stress in specified regions, 
and satisfying the boundary conditions of these regions. 
In the attempt to extend this body of knowledge various 
uses are being made of f\inctions of a complex variable. 
Perhaps the most common use of complex variables is made 
in the introduction of suitable curvilinear coordinates which 
simplify the mathematical representation of the boundary 
conditions and which often yield simple expressions for the 
stress components in the curvilinear directions. A second use 
of complex variables is made when the elastic relations are 
rewritten in terms of these variables for the purpose of 
rendering the equations of elasticity more tractable. Direct 
solutions may then be sought or solutions may be built up by 
synthesis. Finally a third use of complex variables is made 
wherein the theory of conformal transformations is applied for 
the distinct purpose of mapping a region of known stresses into 
a new region where the stress situation may be materially 
different. In this third use of complex variables the function 
which maps the region is introduced into the stress function 
or its derivatives in such a manner that there results a new 
stress field. From this field the new loading situation is 
determined. Thus from given stress problems and their so­
lutions there are built up new problems and solutions. 
It is with the third use of complex variables that this 
paper is mainly concerned. Wherever curvilinear coordinates 
are introduced, their introduction is entirely incidental to 
the treatment of the main problem, 
Lovel® treats one particular method of obtaining new 
stress problems by the application of transformation theory« 
Concerning the method he states, " points of application 
of isolated forces in the two states will he corresponding 
points«It will in general he found, however, that the 
isolated forces ere not the only forces acting on the body; 
in fRct, a boxindary free from traction is not in gener?3l 
transformed into a boundary free frcan traction. This defect 
of correspondence is the main difficulty in the way of ed-
vance in the theory of two-dimensional elastic systems."^® 
Expressed in another way, it may be said that the disad­
vantage of finding new problems by this method does not lie 
in the difficulty of applying transformations, since an 
infinite number of solutions may be so obtained, but the 
disadvantage does lie in the fact that very few of the so­
lutions so obtained are of interest because of the presence 
of unwanted boundary stresses. Love's treatment is described 
in Chapter IV, 
A second approach to the problem is mentioned by Love, 
The variables of equation (1) may be changed by means of a 
pair of conjugate functions. The form of equation (1) will 
not, in general, be conserved during this process. This means 
that, if the new variables are treated as rectangular coordi­
nates, the new function F will no longer represent a stress 
function for a body in equilibrium. There are occasional 
exceptions. 
In 1931 Ffippl*^ presented a new treatment of the problem. 
The mapping function was introduced into a given Airy's 
- 9 -
function in an entirely arbitrary m^inner such e.s to produce 
a new Airy^s function for the mapped region. The stresses 
in the mapped region were then obtainable by differentiation 
of the new Airy's function. Foppl gave one example in which 
a stretched plate containing a circular hole was mapped into 
a stretched plate containing an elliptical hole. The boundary 
conditions in one problem transform.ed into the proper bo\mdery 
conditions for the other, the hole remaining free from stress 
and the tension becoming unidirectional at a large distance 
from the hole, 
Foppl's treatment seemed to promise a great deal. At 
the some time it left many questions unanswered. Chief among 
them were those concerning the boundarj?- conditions. Does the 
method always transform a stress-free boundary into a stress-
free boundary? If it does, the difficulty pointed out by 
Love has been entirely overcome. If it does not, what further 
conditions are necessary in order that stress-free boundaries 
shall remain stress-free? if one is interested in a stress 
problem involving compliQated boundaries can one recognize 
immediately the corresponding problem of simple boundaries 
which will lead to it by transformation? These unanswered 
questions and the hope that Foppl's method might lead to now 
useful solutions provided the immediate incentive for this 
study. 
For convenient reference there are given in Chapter II 
and in parts of Chapter III such fundamental relations of 
- 10 -
elasticity'' and of elementary theory'" of functions of a complex 
variable as are necessary tjo the development of methods of 
transforming two-dimensional states of stress. In Chapter III 
certain elastic relations are written in terms of complcx 
variables. These relations permit a new derivation to be 
given for stresses in curvilinear coordinates, and show that 
the Kasner circle for a derived non-analytic stress function 
is identical with Mohr^s well knovm strcss-circlo. Certain 
useful properties of the directional derivative of the non-
analytic stress function are shown. 
In Chapter IV there are first described the older methods 
of obtaining new stress problems by*- transformation theory. 
FSppl's recent method is then described and discussed. In 
Chapter V a new and broader interpretation is placed upon 
F6ppl*s method of transforming a state of stress. It is shown 
by numerous examples that the broad interpretation adds 
materially to the number of solutions of value that are ob­
tainable by the transformation of Imown states of stress. 
Finally a means is presented for studying the stress condition 
upon a transformed boundary which was originally stress-free. 
B> Notation 
x,y; r, 0 Rectangular and polar coordinates in 
the 25-plane. These,with subscripts 1, 
indicate similar coordinates in the 
Zj^ '^ plane. 
; p,8 
z, z 
WjW 
f(z) , X(^') . 
g(w) 
X /j x; f" 
i) X, ? J etc. 
F 
- 11 ~ 
Rectangular and polar coordinates in the 
w-plane or curvilinear coordinates in the 
z-plane, 
Complex variables, z = x + iy; ^  = x - iy, 
where i - With subscripts 1, 
= X3. + iy^ . J Zi = Xi - iyj.. 
Complex variables, w=a+ip;w=a-ip. 
Analytic functions of z; 
f(z) = i'i(x,y) + ifa(x,y); 
^(z) = ^(x,y) + iy^{x,y); 
^(z) = _J(x,y) + i)y(x,y). Where no 
confusion exists these are written f, X*, 
and ^ « These, with subscripts 1,indicate 
analytic function of z^ ,. 
g{w) = S3.(a,_p) + iga(a,p), an analytic 
function of w. Also written simply g, 
First and second derivatives of "Xand ^ 
with respect to z; = 5^ + i^^ , etc. 
Functions formed from the corresponding 
unbarred functions by replacing +i by -i. 
Thus from ^ - J- + irj there is formed 
f = £ - • 
Airy's stress function. F', F", etc, 
designate particular functions. desig­
nates applicability to the Zj^-plane, 
Rotation 
~ 12 -
H A non-analytic stress function derived 
r ; ^  
3F from Airy's function; H = 2-?=-• 
cf 2 
The directional derivative of a non-
analytic function; the directional 
derivative of H. 
^ ^  i Ky Normal stress components acting on planes 
normal to the x-axis and y-axis, and the 
shearing stress component acting in the 
y-diraction on the plane normal to the 
x-axis. 
Stresses similar to above, but referred to 
' y ,  « 
the -plane* 
£ € J € Unit-deformations in the directions of the 
x ^ y & 
x-axis, y-axis, and in a direction normal 
to the xy-plane respectively. 
X Unit shearing deformation corresponding 
to the shear T . 
''y 
u, V Displacements in the x and y directions 
respectively, 
W A displacement function; W = u + iv. 
it T. Normal and shearing stress components 
«• > 
corresponding to the curvilinear directions, 
a = const., p = const. 
Poisson's Ratio. 
E Young's Modulus. 
G Shearing Modulus; G- '2'oVf^  ' 
6^ Unit volume change; dilatation. 
~ 13 -
II. FUNDAMENTAL RELATIONS OF ELASTICITY 
FOR TIVO-DIMENSIONAL ELASTIC SYSTEMS. 
A. Definitions and Limitations. 
—-I.. .  1,11 I — 
Consideration will be restricted to the two-dimensional 
problems of elasticity, plane-stress and plane-strain. In 
the former there are considered to be no stresses on planes 
parallel to the xy-plane. This condition would exist in a 
thin plate loaded by forces applied at the boundary'', parallel 
to the plane of the plate, and distributed uniforraly over its 
thickness. 
In problems of plane-strain there are assumed to be no 
strains in the direction normal to the xy-plane. In this type 
of problem the conditions in the x;?f-plane are assimied to be 
typical of any cross-section of a long body. For any bod^r 
considered, the dimension normal to the plane will be taken 
as unity. 
It will be assumed throughout the pa;per that no body 
forces are present. 
B. Stresses, Strains and Displacements. 
Consider the problem of plane-stress. The unit strains 
in terms of the unit stresses are 
- 14 -
(4.1) f;), 
and the unit volume change is 
14.S) 
The corresponding stresses in terms of unit-deformations 
are 
(4,3) 
t - < 5 r .  
xy 
The strains are e^spressed in terms of the displacements u and 
V by the relations 
and 
 ^^  P6C  ^^  Ptr 
' Ti' ^ 9y ' 
T = •+ • 
The rotation is defined by the equation 
^u. 
g- • - -yti-/£fi. 
» 7t^( ^ Py )' 
(5.1) 
(5.E) 
(5.3) 
It will be observed that 
- 15 
> ^ f-Zju f> «»  ^ { t%  ^s:^  ) 
(5.4) 
The equations of equilibrium for zero body forces are 
llL 
?L 
itH-
HiL. "SS 
o 
o .  
( 6 )  
^ y ' 
The substitution of (4.3) into (6) together with the use of 
(5.1) and (5,2) gives 
'<?^ i . Ptr \  ^/Pit- Pa \ 
•JF/" ' 
— y — P - x  (  P ' j K  
/^ cc ( ?tr 
) 
h-k(4^-
V 
Pol 
 ^o. 
(V) 
Using (5.3) and (5,4) one may write equations (7) in the 
form 
JL 
/ 
/ ^ y -h 
?oo 
Ty 
^eo 
^ O , 
« O. 
( 8 )  
Equations (8) express an important relation between the unit 
volume change e^, sometimes called the "cubical dilatation", 
or simply "dilatation", and the rotation cjj. In fact this 
relation forms the very basis of one of the older methods of 
obtaining new stress problems from old ones by means of con-
formal transformationsd This is discussed more fully in 
Chapter IV, Section B. 
- 16 -
For the prohlem of plane strain, relations entirely-
similar to (8) may he derived with the single difference 
that the elastic coefficient l/(l~2vi.) in (8) is replaced by 
tl-'p,)/{ 1-2^1) , This is in accord with the well known property 
of the plane problems which states that fundamental relations 
in one problem are convertible into the fundamental relations 
of the other by simply nodif3'-ing the elastic constants. Hence 
in this paper it will be considered sufficient to treat only 
the case of plane-stress, knowing that all results of this 
treatment are equally applicable to the corresponding problems 
of plane strain. 
C> Graphical Constructions for Determining Stresses 
on Inclined Planes. 
Mohr's^^ circle of stress and the Mohr-Land^^ stress-
circle are convenient modes of representing a two-dimensional 
state of stress at a point. Because these constructions are 
intimately related to portions of the work which follow, they 
are reviewed here for convenient reference. 
Mohr's circle is shown in Fig. 1, As shovm in the figure, 
the stresses and t are laid off upon the (T and 
r axes, the stresses being represented by the distances OA, 
OB and AC respectivel3''. From a point D v/hich bisects the line 
AB, a circle of radius DC is described. Any point on the 
circle, such as C, defines a set of stresses iT' , ^ , T , 
v' 
- 17 
/V/ohrls <!I/rc.le of 
F/<5. i. 
corresponding to the distances 0A\ OB', and A'C as shown in 
the figure, where the x'«axis makes an angle ^ with the 
x-axis and where zTCDC = -^iTEDE' = S/9, From the construction, 
the principal stresses are at once apparent as the maximum and 
minimum valTies of and the maximum shear is apparent as the 
maximum ordinate T . 
The construction of the Mohr-Land circle is quite similar 
to that of Mohr's circle, the difference being that the circle 
described about point D has a radius OD instead of DC. This 
- 18 -
I 
. H 
Mohr-Land Sfr^ss-c/ri/e 
F/G. 2. 
is shown in .?ig, 2. The manner of obtaining stresses on 
inclined planes is, however, distinctly different. If 
stresses are to be found in directions x* and y', draw the 
axis Ox' in its given direction. From point F, the inter­
section of Ox' and the circle, draw a diameter FDG. From C 
drop a perpendicular CH upon FDG. The stresses 0^ ,, 
r, , are then given by the distances GH, HF, and CH respective-A Zf 
ly. The principal stresses are easily obtained b3r construct­
ing a diameter through C and observing the relation noted 
above. 
The geometrical feature which stands out in Mohr's circle 
^ 19 -
is that the defining points for the stresses on inclined 
planes are obtained by clockwise rotation of a particular 
diameter throu^ an angle 2^, whereas the actual rotation 
of the axes is counter-clockwise through an angle ^  , This 
feature will be recalled in Chapter III, Section F, in 
connection with the directional derivative of non-analytic 
functions of a ccmplex variable. 
~ so -
III. FUNCTIONS OF A COMPLEX VARIABLE 
A. General Theory 
The general theory of complex variables and of conformal 
O OQ "1 / / 
mapping is given in standard texts'^' A brief res\Ame of 
selected elementary portions of this theory is detailed in 
the following three sections for the sake of reference and 
clarity of subsequent portions of the analysis. The engineer 
will find here a review of the concepts which enable him to 
express a state of stress in terms of complex variables. It 
is desirable to express a state of stress in this manner in 
order that transformation of the complex variables may produce 
a new state of stress. The mathematician may, without loss 
of coherence, proceed at once to section four of this chapter 
where certain differential operators are prepared for future 
use. 
The complex variable z - x + iy^ where i = iZ-l, is 
introduced by means of a geometrical representation of the 
point 2 having real coordinates x and y. Using polar co­
ordinates as indicated in Fig, 3(a), we may write 
C ^  
z = X + iy = r cos <9 + ir sin ^  = r <2 . 
- 21 -
Correspondingly, the point having coordinates x and -y shall 
be designated as 
z = X ~ iy = r (cos 6 - i sin© ) = re •ce 
.B, 
Multiplication of a complex variable by e may be seen 
to rotate the vector which represents the variable 
3. 
% 
(b) 
through a counter-clockwise angle Of . This is shown by the 
relations given above. Thus 
ie, i(<^  r-  ^ 1 7 
 ^^  St f (5- C i- sifl fB-h&i )y J 
giving the new point shown in Pig. 5(b). 
Addition and subtraction of z and z gives 
and 
X =(l/2)(z + z), 
m 
y = - 4- (z ~ i"). 
(9) 
It follows that any function of x and y may be written as a 
function of z and z'. The change of variables from x and y to 
- 22 » 
z and 'z is justified in the case of a real function, when, 
by so doing, the usefulness of the function is increased. In 
certain cases where complex coefficients are present in the 
original function, the result will "be a function of z alone 
or of z" alone. 
It is said that the complex variable w = a + ip is a 
function of the complex variable z in a given region if, for 
each value of z in this region, w has a definite value or set 
of values. If w has but one value for each value of z, w is 
called "single-valued", but if w has two or more values for 
certain values of z, w is called "multiple-valued". Our chief 
concern with multiple-valued functions arises in connection 
with investigations of displacement functions of stressed 
bodies. 
An example of w as a function of z may be taken as 
w = a + ip = f(z) = z2 = (x + iy)2 = {x^ - y^ ) + iSxy. 
Equating real and imaginary parts, one obtains 
a = x® - y® , 
P = 2 xy. 
Similarly z may be written as a function of w. In the illus­
tration above, we have 
z = X + ly = g(w) = w - p e , 
from v^tiich 
- 23 -
X = cos (S/2) , 
y = sin ( B/2) . 
The derivative of w with respect to z is defined in the 
same manner as for functions of real variables <, It is the 
limit of A,vj/Az as Az approaches zero. Since tz may be taken 
as /\x alone or iAy alone or as an^'- combination of the two, it 
is necessary to consider the conditions under which the deriva­
tive shall be unique. The derivative of w = a + i0 with 
respect to z = x + iy is unique at every point in a region 
where the partial derivatives of a and of the first order 
exist and are continuous and satisfy the following partial 
differential equations: 
5/3 Sfl 
IT ' 57 ° (10) 
These are knov/n as the "Cauch3'--Riemann eQ_uatlons". From them 
we see that 
P a = Pp = 0; (11) 
a and p, since they satisfy (10) and (11), are called "conju­
gate harmonic functions". 
The processes of differentiation and integration are 
carried out imder the same rules as for functions of real 
variables. 
-  £4 -
B. Conformal Mapping, 
We are particularly concerned with the mapping of conju­
gate functions. Let w be given as a function of z, from 
which z may be expressed as a function of w. Thus 
w = f(z) or z = g{w). (12) 
The z points will be represented in a "z-plane" with coordi­
nate axes X and y, and the w points will be represented in a 
"w-plane" with coordinate axes a and p. For any point P in 
the w-plane there is a corresponding point Q, in the z-plane. 
As P describes an arc in the w-plane there will be described 
by Q, a corresponding arc in the z-plane. We say then that 
the arc in the w-plane has been mapped upon the z-plane. Of 
particular interest are the results obtained when the families 
of lines a = constant, 0 = constant are mapped upon the 
z-plane, or conversely, when the lines x = constant, 
y = constant are mapped upon the w-plane. 
Consider the angle formed by two intersecting curves in 
the w-plane. If the magnitude of this angle is preserved when 
the curves are mapped upon the z-plane, we say that the mapping 
is "conformal". This is always the case when the relations 
(10) and (12) appl^'". Furthermore, in this case the two curves 
are equally'- stretched at their point of intersection. A 
measure of the stretching is called the "stretching ratio" or 
-  25 "  
"ratio of magnification'', and is given by the relation 
dz 
f'(Z) h = e= • 
dw 
We shall see that, for certain mapping functions, 
portions of the w-plane will map into the entire z-plane. 
Any such portion of the w-plane is termed a "fundamental 
region". 
C. Examples of Conformal Mapping of Conjugate Functions 
1. Inversion, z w -1 
/3 
-L L 
I xf 
I o 
i\_! _ 
,  r \ ,  
I I 
— oC I 
_ J. / 
plain B 
-h 
i.. ( 
o(. oc^  
•7? 
• oC 
F/c^. 4-. 
Zr -plc3ne. 
We may write this mapping function as 
w  =  a  +  i p = p < S  
ih 
z -X 
X •+• ly 
= r" C - r' (cos <9 - i sin & ) , 
from which 
- 26 -
or 
X „ y 0, = ^ p = _ — . 
X® + y® X® + y® 
From the first pair of equations it is evident that a point 
in the w-plane v/ith polar coordinates (p,S) moves to a 
point in the z-plane having polar coordinates The 
radial change alone from p to p~^ is known as inversion 
with respect to the unit circle, and the angle change alone 
from +S to -8 is known as a reflection upon the axis of 
reals. 
From the second pair of equations given above it is seen 
that lines a = constant = in the w-plane map into circles 
x2 + y2 - x/a^ ~ 0 
in the z-plane. Likewise lines p = constant = p in the 
w-plane map into circles 
x2 + y2 + y/p^ =0 
in the z-plane. This is represented graphically in Fig. 4. 
S. Conjugate Polar Coordinates 
Fj<5. 5 
The transformation function may be written 
w = log s = log (re } = log r + i6, 
from which 
a = log r, p = <9 . 
By this transformation lines a = constant = a become 
oc^  
circles r = c , and lines B = constant = B become radial 
' n 
lines 5=8. We observe at once that any band of lines 
'n 
p = constant varying from P = to p = Sir will 
furnish enough, radial lines to cover the entire z-plane, A 
fundamental region in the w-plane is therefore anjr strip of 
width 27r, parallel to the a-axis, and infinitely long. 
The transformation is shown in Fig. 5 where correspond­
ing lines may be followed. 
- 28 -
5. Bipolar Coordinates, z = -a coth (w/S). 
y 
is>letn& 
2 77" 
j 1 1 1 rr 1 
Aj Tf/& 
XI 
1 
-o(, O oC, a£. 
jolcine. 
/ ^  I  
p/<a. Q> 
The transformation function may be v/ritten in either the form 
given above or in the form 
w = log z - a 
z + a 
which is the convenient one for napping the w-plane upon the 
z-plane. have 
w = a + ip = log (z - a) - log (z + a) 
where 
Then 
= log — + i ( - (^2 ) 
rs 
IB, 
Zi = (z - a) = T^e and Za ( z + a) = rz (? . 
a = log and p = ( - Og)-
Tz 
- 29 -
The lines a = constant = map into circles, - xz C , 
except that the degenerate case c.^ = 0 gives the line 
X = 0; == gives the point tz = 0, and = - «<> 
gives the point r^. = 0. The lines p = constant = map 
into a family of circles all of which cut the x-axis at the 
points X = a and x = -a. 
Figure 6 shows the transformation graphically when the 
fundamental range is taken from p = 0 to p = Sir. It may 
be observed that the entire strip from p = 7r/2 to 6 = 37r/2, 
infinite in width, maps within the circle of radius a. The 
rectangular area ABCD maps into an arch A'B'C'D'. A vertical 
rectangle of height Zv maris into a circle having an eccentric 
hole. These are all useful boundaries. 
4. Elliptic Coordinates, z = c cosh w. 
When the transformation function 
z = c cosh w 
is broken into its real and imaginary parts we obtain 
X = c cosh a cos p, 
y = c sinh a sin p. 
Squaring and adding gives 
• = 1 
c® cosh® "a" c® sinP a " ' 
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£///pHc. Coord/nct-^es 
r /(5. 7 
a 
(3^--n/2 
H * C shlh kv 
^fiip'/'ic CZc>or<Jina'^^s 
8 
- 31 . 
from which it is seen that the family of lines a = constant 
maps into the family of confocal ellipses with foci (+_c,0). 
Similarly squaring and subtracting gives 
y^ ^ T 
52 cos^® pT ~ c^ sin^ §" » 
from which the lines p = constant are seen to produce a 
family of hyperbolas confocal with and orthogonal to the 
ellipses. 
Here, as in the two previous examples, the transformation 
function is periodic^ permitting any strip of height TT and 
of infinite width (or of height STT and of semi-infinite 
width) in the w-plane to transform into the entire z-plane. 
The transformation is illustrated in Fig. 7, where the funda­
mental region is taken from p = 0 to p = STT and from 
a = 0 to a = +«=«». 
If it is desirable, the foci of the ellipses and hyperbo­
las may be put upon the y-axis by using the transformation 
function 
z = c sinh w, 
or 
X = c sinh a cos p, 
J = c cosh a sin p. 
The ellipses and hyperbolas are then defined by the equations 
32 
c2 cosh® a c2 sinh2 a 
c® cos® p 1. 
The ma Imping is then as shown in Fig. 8 where the funda­
mental region has been chosen as the infinite strip from 
P = - 7r/2 to B = + TT/E. 
These examples of conformal mapping have "been presented 
in detail, not only to give illustrations but also because 
they form a basis for studying several fundamental stress 
problems by means of complex variable transformations. For 
example inversion is used in Chapter IV, Section C and D, 
and in Chapter V, Section B. In several problems, two trans­
formations are used in succession in order to produce the 
desired change in boundary. This is illustrated in Chapter IV, 
Section E "wliere transformation is made from, polar to elliptic 
coordinates. 
D. Differential Operators in Terms of Complex Variables 
It will be convenient later to have certain differential 
operators expressed in terms of the corresponding complex 
variables. Thus wfaen f is a function of x and y,where 
Z = X + iy and ^ = x - iy, or 
f may also be written as a function of z and z. Since 
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df 9f ^  ^  
9'ic p'X P-x 
etc 
we obtain 
and 
PH •t -ZZZ- > 
T 
I: 
V > ^3 
P" 
Pb iPW 
.£ ^ ^  
Pz^ Pi Ps 
Pi '  f  Z 
-€l 
~ z Pi 
^ i (  J.:  
P^Py \ P^- Pi" 
Itom (14,1) we have 
P P f 
Pa 
P P 
Py 
P 
Pa 
and from these 
4 
"t—  ^"3—•> Py 
4 
p" p"" P" 
Pi" <?>"• Sx3y 
Pf"^  ' Px^ P* 5>j/ 
p" p" a'' 
•I,-
-.2 
p J Px"*^  v • 
(14.1) 
(14.2) 
(14.3) 
(14.4) 
When the w-plane is mapped upon the z-plane by means 
of a mapping function 
34 -
z = g(w) = g, (15) 
the stretching ratio is given by the relation 
<5/2 h-
v/here 
gf(w) = g' = dg(w) 
(16) 
dw 
dz 
dw » 
g' = dz 
dW 
Let ^ designate the angle between the transformed a-axis 
(tangent to p = const.) and the x-axis at any point z as 
y 
0 
- ay f ;5 
J f  
- •  oc 
9 
shown in Fig. 9. Then 
- II- -' ] eit*r ' " Poc. (IV.l) 
^ (eros^ sJnS) * he.'' 
Since the barred function is formed by the substitution of 
- i for + i. we also have 
_ _ -
g' (w) h e (17.2) 
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Equations (IV.l) and (17.2) will be found useful in trans­
forming stress relations in x and y to the corresponding 
relations in curvilinear coordinates a, p. 
The independent variables z, z in (14,3) and (14.4) may 
now be transformed to w, w by means of the relations (15), 
(16), (17.1) and (17,2). Thus we find 
/ i P P 
P^ .,^  Pz 
Pa-"-• -
l l  ^ ) 
5' p2tr / 
P' 
•ftiY/..-
5" P 
j' 
/ 
r Pur 
)• 
and 
(Pz S '  
-•z 
9oxdtJ 
3 d 
5 P . 3-3" <?' 
since 
" - ' pw ( J y 
^' ^ e*r*^S7' S' S ' 
J^i. ih^  
we may write 
n 
5 Zh 9h 
' guj-3  ^  
or 
1- lb 
3' ' h \ ^<< 
(18.1) 
(18 .2 )  
(18,3) 
(19.1) 
(19.2) 
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\vith the help of (16) and (19,2), equation (18.3) becomes 
3, JL ^ fh ^  in ^  
-
4 L L 9" 
^%k. h. 
( 2 0 )  
4^  £r ?S4r 9us 
Using the last of equations (14.2), we may write 
equation (1) as 
V F ^ 
<?/2 d-i  
or simply ^ 
s- O . ( ?1 1 
From observation in (20) of the modified form of (21) when 
the variables are changed to w, w, it becomes apparent that, 
in general, F(a,(i ), when formed by the direct use of the 
transformation function z = g(w) in F(x,y), cannot be 
interpreted as a stress function in the ap-plane. Exceptions 
are found, however, in which 
( 2 2 )  
in which cases F may be considered to be a new stress function 
in the w-plane. Such an exception is illustrated in Chapter V, 
Section D. 
Aside from the occasional fortuitous grouping of terms in 
Airy's function which permits (22) to hold, there remains only 
one transformation of a trivial nature which will always yield 
a result which satisfies (22). This is shown by (20) where it 
may be seen that a sufficient condition to yield (22) is 
h = h_ = 0. iu/ u> 
Therefore 
dz h = const. = 
dw 
and the transformation function is 
z = aw + b 
where a and b are complex constants. In this transformation 
function the constant b serves only to locate the origin 
and the constant a serves only as a scale factor. It 
should be noted, however, that this transformation is suf­
ficient but not necessar37 to 3''ield (22). 
^ V 
E. The General Solution of XV 0 and the Corresponding 
Equations for Stresses and Displacements. 
It is well known that the general solution of equation 
(1) may be written in any one of the forms 
F = , (23,1) 
F = yl^ + , (25.2) 
F = xf + yY i > (25.3) 
h 3 3 
F - r^® + ^  , (23.4) 
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where ^  ^ are harmonic functions of x and y, that 
is, satisfy 
,2 
r f  -  v x -  v i - o .  ( 24.1) 
The four modes of writing F are entirely equivalent in that 
each may be converted into any one of the others. This, how­
ever, is no reason for adopting one to the exclusion of all 
others, since each may, at some tine, provide the most con­
venient manner of expressing Airy's function. 
With the help of the Cauchy-Riemann equations (10) we are 
enabled to construct the functions of a complex variable 
X 
n 
and 
or s 
n  ^ 'r, 
(24.2) 
(24,3) 
:x=f  ^  ^V- c r|. 
Differentiation of (24.2) and (24.3) with respect to z gives 
the equations 
x"" = 
3 
d z 
-c/H 
c/s: 
J z 
dS' 
»• '  -  5  
<f" i r\ {PA,4.) 
•i~ L 
i  ~h i  r j  
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which are introduced entirelj'- as a matter of convenience. 
Ve ha ve^ ther ef or e, 
f '  -
r ' -
If 
f  -
t  -
^9 
" ay 
J 
iz' _ 
9')e. ~ 
* 
£ r - ill 
(24.5) 
with similar equations for rj\ ^"^and Yj". 
For each of the functions in (24.2), (24.5) and (24.4) 
there is defined a corresponding "barred" function having -i 
in place of +i; for example, corresponding toJXT, there is 
defined 
- f  - l y .  
It is expedient to express separately the equations for 
the stresses and displacements resulting from each term of 
equations (23.1) to (23.4). Stresses na3'' be obtained from 
equations (3), and v;ith the aid of the Cauchy-Riemann equations 
(10), ma3'' be converted into the forms given below. They may 
also be obtained directly?" from the complex representation of 
Airy's function by differentiation with respect to the complex 
variables z and z, equations (3) then being written in the 
form 
40 
nr  ^
<5^ -^ PB^i 
d-F ^ 
(25) 
1^ 
PV f  d 
2x dy { 9 
The displacenents u and v are then obtainable (except for 
an arbitrary rigid rotation and translation) from the elastic 
relations (4.3), (5.1), and (6). 
For the forms of F given in (23.1), (23.2), (23.3) and 
(23.4), the stresses and displacements resulting from each 
term are given below. For the biharmonic term 
F - X J = ;^-(z + z) ( X+ X) , (26.1) 
the stresses are 
( 2 6 . 2 )  
T ~ y ' -f- ^ y" 
and the displacements are 
E J E 7 
V = 
(26.3) 
For the biharmonic term 
T? '  JT '  - i ( z  -  z ) (  X  -  J ) .  4 
(27.1) 
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the stresses are 
+y^'\  
K y '  - r ' - y f " .  ,  
with the corresponding displacements 
"' i r 
1 - u V = 
E 
- ^  ^ vV' 
f -
(27.2) 
(27.3) 
For the harmonic term 
T I '  \  { i  * i  ), (28 .1 )  
the stresses are 
K '  - l ' \  
^ '  - i ;  
f = <-
*y ^ 
and the displacements are 
1 + Ti ^ ' u = -
E 
(28,2} 
(28.3) 
For the combination of biharmonic terms 
F = X ^  ^ (z X  + z X )  ,  (29.1) 
- 4E -
the stresses are 
= 2f ' -  (*f"- ,yr")> 
= Z f '  ^  ( o i f ' - ^ y Y " ) ,  
and the displacements are 
u = ^ ^ ^ ^  (X y' + yF ) , 
V  • =  2 ^  r  *  ( x r '  -  7 f ) .  
For the biharmonic term 
•F ^ r^f = I  zz ( X +X ) ,  
the stresses are 
= 2f  -  4- y t r '~ r^ f  '[  
ar -j- 4-'1Cf>' 
e ^ r ' - e y f W r ^ r :  
and the displacements are 
u 
V = 
1 
1 
1 
E 
j^ 4:(x^  - ) - (1 + )i)(r^  ^ + Z7ij> )j , 
|^ 4(y^  + xY) + (1 + - Zj<j> )"J . 
(29.S) 
(29.5) 
(30,1) 
(30.2) 
(30.3) 
To each of the displacements (26.3), (27*3), (S8.3), (29.3) 
and (30.3) there ma^'' be added arbitrary displacements 
u = a - c:/, 
V = b + ex. 
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which are due to a rigid-body rotation and translation, but 
v\4iich have no effect upon the stresses. The rigid-body 
displacements will be disregarded in all of the work that 
follows. 
Investigators who have emplo3^ed Airy's function in terms 
of complex variables have usuallj?" leaned strongli'- toward the 
use of a single form for expressing the function. Kolossoff^^ 
and Muschelisvili^^ use equation {23»3) exclusively, combining 
the solutions of (28.1) and (£9.1). Fftppl"^ uses (23.2) in his 
development, noting, however, the equivalence with (23.1). 
We will find later that a knovm stress function is capable 
of yielding several new solutions under a prescribed method 
of transforming, depending upon the manner of expressing the 
given function. 
F. Non-analytic Functions of a Complex Variable^; A J)er:^ed 
Stress Function and a Displacement Function 
In the foregoing paragraphs we have dealt with functions 
of z such as X^z) and ^{z) v/hich were necessarily 
analytic. Derivatives of X and < in an^r region are there­
fore independent of the direction of approach, with the possi­
ble exception of a finite nuraber of points. It has suited our 
purpose to express Airy's function as a function of the 
complex variables z and z. Being real, Airy's function is 
necessarily non-analytic; the CMUch3''-Rienann equations do not 
- 44 -
applji^. For non-anal3;'tic functions of a complex variable a 
derivative is a function of the direction of approach and 
is termed a directional derivative^®. 
If f is a non-analytic function of z, the derivative 
of f with respect to z for a given direction of approach, 
Az, is defined as the limit of the ratio as Az 
approaches zero. Thus if 
f = f^{x,3r) + if2(x,y) , 
the derivative of f with respect to z is 
.ftt _ ^ ^ ^ ^y)  ^  
da 42 -»o ^ ^  /vx-* I -h c 
£,y-*C> 
where fi , fi , fa , fa denote partial derivatives v;ith 
*  y  *  y ( .  ^  y  
respect to x and y, and m = dy/dx is the slope of the 
curve of approach. By designating m = tan^ and using the 
• ^  
relation = cos ^  + i sin ^  , we ma^'- put the derivative 
in the form 
r= -^ = 
if •* 
where 
D = i + i(f2 - fx )] , 
2 L y  /  y i  
P = i Ff^ - fs + i{f2 + fx )] , 
 ^ L  ^ y yt _y J 
These equations may be written 
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so that 
j r «  — =  ^  n'" c  - 5 ^ '  3 1  
«/a? P« <?£= 
The "stretching ratio" for a given direction is defined 
as 
R = dS 
dz 
where the derivative is taken in the given direction. The 
directions of maximmn and minimum stretching ratio are at 
right angles and are called the "principal directions". The 
two families of curves that are tangent to these principal 
directions at every point are called the "characteristic 
curves" for the given function. Hedrick calls attention to 
a property*- which may have an important bearing upon the 
transformation of states of stress. He states that_, "the 
only orthogonal system of curves in the z-plane which corre­
sponds by the transformation w = f(z) to an orthogonal 
system in the w-plane, is the system of characteristic 
lines". 
In discussing the directional derivative in the form 
T — = D + Pe 
d? ' 
Eedrick points out that the values of "Kj for a fixed value 
of z, depend onl^f on , and that these values of Y all 
lie on a circle in the V-plane, whose center is the point 
D and whose radius is |p|. This circle is designated the 
1 P Kasnor circlet' 
„ 46 ~ 
Redrick states that, "as ^ varies in the z plane, the 
point T moves around the circle at twice the rate at which 
S> changes, and in the opposite senseWe may recall a 
similar phenomenon in connection with Mohr's circle, namely, 
that as ^ varies in the z plane, a point which defines the 
stress situation moves around Mohr's circle at twice the rate 
at v/hich 3 changes, and in the opposite sense. 
Let a function H be defined by the equation, 
H « 2 , (32.1) (p z  
where F is Airy's function, and let the directional deriva­
tive of E be denoted 
y _ PW ^  
» 3 S Pi ' (SS.8) 
Then from (25) 
_ 1. pV. , (38.3) 
^ S'F _ f • r \ 
^ = 5 (SZ.4) 
and 
Therefore 
Pz I 2 "y. 
V 1 
It will be seen from this equation and from Fig, 1 that 
r is represented by the point E' on Mohr's circle, and that 
the Kasner circle for the function H is identical with Mohr's 
circle for the stresses defined by F. Furthermore the "princi­
pal directions" and "characteristic curves", as defined for 
the non-analytic function H, coincide respectively with the 
- 4:7 -
directions of principal stresses and the families of stress 
trajectories in the stress-field of F. 
Noting in Fig. 1 that point is represented by the 
vector (f^,- i€, , , we obtain at once y x'y ' 
> ;  =  i t ,  , ,  
y 
or 
ir ^ T yy' -h L : 
(3E»6) 
(32.7) 
Therefore i"^ represents the resultant stress acting on an 
H 
element of arc whose tangent with the x-axis is ^  . This is 
y 
(b) 
/=/o. /a 
shown in Fig. 10(a)i The x and y components of the 
resultant stress on the element of arc may be shown to be 
siven b3'- the relation 
or 
3 L ^ C f ^  ~t £ (3£.8) 
- 48 -
If the X' and y' axes are tangent to the conjugate orthogo­
nal curves a = const., 3 = const., then, using (17.1) and 
(17,2), we obtain 
h ($'F. -f F-J]- (5S.9) ^ Z? 2 r/ 
A non-analytic function may be obtained from the dis^-
placements by writing 
W u + iv = W(z ,z). (33.1) 
We shall call ViJ the "displacement function". The direction­
al derivative of W in a given direction ^ is 
ur 
dW 
-f- €' 9 ^ ^ c? 2 
( 
9y 
I / • dv : da. 
?( J7 5F " ^ 3 'y 
> (33.£) 
I ~ziJ^ 
+ -^e 
7 • dv ^ 
{ "5T '• ~T '' ^ aX 9nc 
' _ -£^ f) I 
I 
T f^)+t <• e^} + i y 
This expresses the well k.nown facts that the unit volume<• 
change and the rotation are invariant, while the difference 
of the normal strains and the shearing detrusion are dependent 
upon the direction of the axes. 
The form of the displacement function mai'- be shown to be 
identical for each term, of Airy's function x^ , j'f',  ^, or 
any combination of these terms. It is 
- 49 -
Wx u + iv = ^  X - yd. if 
E E Pi 
= I X- H. 
E 
When Airy's function Is of the form r®^ or r®^ 
displacement function is 
W s  =  u + i v= i z X -  ^  
E P Z E 
(33.3) 
+J , the 
(33.4) 
G. General Expressions for Stresses in Conjugate 
Curvilinear Coordinates 
Let a = const, and p = const, be two conjugate or­
thogonal families of curves, related to the rectangular co­
ordinates X and y by the function 
z = (x + iy) = g(w) = g(a + iS). 
Let y3 designate the angle between the x-axis and the tangent 
to the a-axis at any point z as shown in Fig. 11. 
\ ^ 
J 
•0' 
3'^>'e5se5 ^Qnet CurvUinear Axes-
J^ Mdh 
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Further, let represent the unit stresses in 
the curvilinear directions corresponding respectively to ^ , 
and in rectangular coordinates. 
We wish now to derive expressions for the stresses 
(t, and r. Observe from (32,5) and Mohr's circle of stress 
ft ' 
that 
^ -hL t  ^  ^  L 6 ,  
 ^ 5> o*-/* 
and 
V ^  ''j/ -f-  ^. oC 
(34) 
(35) 
Therefore, from (32.3) and (32.4), we have 
/ ^ * •r \ 
\ I P  2  
- 4 
(36) 
(37) 
' <?'2 
Writing the derivatives in (36) and (37) in terms of w and 
w by means of (18.S), and using (17.1), (19.2) and (19.3), 
we obtain in a straightforward manner 
 ^ k h F - h, F. ), 
h2 "6 = -F + i( h^  + h^  ) , 
-L ^ 0< ^ ^ OC ' ' 
(38) 
where the subscripts on h and F denote partial differenti­
ation with respect to the variables noted, and where 
h® = g' g' . 
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IV. METHODS OF OBTAINING NE^A^ STRESS PROBLM^S AND THEIR 
SOLUTIONS BY CONFOmiAL TRANSFORBUTION 
A» Remarks 
The problem of finding new stress problems and their 
solutions by conformal transformation had been treated in 
H 
several different ways prior to 1931 when Foppl presented 
his method. The various methods have been developed inde­
pendently b^;- widely differing attacks upon the problem. Yet 
careful study reveals certain similarities. It shows, in 
V 
fact, that Foppl's method reduces in certain special cases to 
the earlier method of inversion. 
In order that Foppl's method may be properly; judged, its 
relation to the older methods must be clear. Therefore in 
this chapter the older methods will be outlined prior to 
Foppl's, the notation being unified throughout. Some dis­
cussion of FSppl's method will then be given before proceed­
ing with the extension and further application of the method. 
A consistent notation will be followed. Development of 
general formulas and general discussion will be referred to 
the z-plane. However, in any problem of transformation it will 
be assumed that the original boundaries lie in the Zj.-plane, 
where + iyj.. The transformed boundaries will be 
taken in the z-plane, so that the mapping will always proceed 
- 5a -
from the 2j_-plane to the z-plane. If curvilinear coordinates 
are needed in the z-plane they will be introduced as the 
families of curves a = const., 0 = const., and they will be 
related to the rectangular coordinates (x,y) by a function 
z = g(w) = g(a + i0). 
Aceording to this convention the rectangular coordinates in 
the z^-plane may become curvilinear coordinates in the z-plane 
by letting = w. 
B> The "Dilatation-Rotation" Function and its Transformation^*^ 
Returning to equation (8), we observe that it relates the 
dilatation and the rotation by means of the Cauchy-Riemann 
equations (10). If, for abbreviation, we write 
then from (8) it is known that there exists an analytic 
function J of the complex variable z such that 
e ' + io) = J"{ z) , (39 ,1) 
This we shall designate as the "dilatation-rotation" function. 
Let a given dilatation-rotation function applying to the 
Zj^-plane be 
el + iWi = , (39,2) 
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Let the stressed region in the Zj.-plane be mapped into a new 
region in the z-plane by means of a mapping function 
^ f(z). 
Let this function be used also to transform the dilatation-
rotati on functi on, ) . Thus 
Ji(Zi) = (t(z)j = J{z). 
A new dilatation-rotation function applying to the stressed 
region in the z-plane is then defined as 
e' + ioo = J( z), 
Erom this function the stresses and displacements in the z-
plane may be found. 
In order to compare the transformation of (39,1) with the 
transformation methods which follow, it is desirable to express 
J(2) in terms of the symbols previously used. From (5,4) we 
have 
= e' = K ^  K 
I - B-p. E * 
Thus, if we exclude terms of the form r®^ from Airy's 
function, it may be seen from equations (26»2) to (29.2) that 
is proportional to j>' , so that the rotation must be 
defined by Thus 
e' + io) = j(z) = k X(z), (40) 
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where k is a real constant. Therefore transformation of 
the dilatation-rotation function, Jlz), is the same as 
transforming lX(z) = d^/dz, iflhere ^C- ly is de­
fined in any of the forms of Airy's function (25.1), (23.2), 
or ( 23.3), 
C. Direct Inversion and Multiplication by ~r^ 
in Airy^s Function^^ 
The transformation function which inverts the z^^-plane 
upon the z-plane, with reflection upon the axis of reals, 
is 
(41) z = X + iy = i 
z. 
Let a given Airy's function Fj. in the Zj.-plane be written 
in a general form 
Ti = - * |(5-, +?; ). (4E.1) 
Let (42.1) be transformed by means of (41) and let the result 
be multiplied by -r® = - zz in order to form a new function 
F, Then 
X,(^d'yC,(i) = X (B), 
-  ^ , ( i )  ~ s(^) j  
so that 
4 Z 
2 i" 
(42.2) 
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Since F satisfies the eo[Uation 
r-yZ <-,2 _ 3^ F 7 y F = /& — 5 « O 
it may be regarded as a new Airy's function in the z-plane. 
This process of constructing a new Airy's function for the 
20 inverted boundar3'' is due to J, H. Michell . 
There are certain properties of the inverted function 
"Which render it of great value. It may be shown'^ that, by 
this transformation, stress trajectories go into stress 
trajectories, and stress-free boundaries go into boundaries 
acted upon by a constant normal stress. This method of 
determining a new stress function has been used in deriving 
the stresses in a roller loaded by concentrated loads at the 
boundary. 
D. Kolossoff's Transformation^^ 
The form of Airy's function i/tiich gives rise to 
Kolossoff's formulas is 
F + z^ X') +  ^} 6 (43,1) 
From this we have by definition 
/V » =» 2 .X" -tOC (43.2) 
The directional derivative of H is 
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r ^   -u H -1_ ' C-<?i& 
- (oc'-^T') + e~^'-^(tX''-i?") (45.3) 
Therefore 
y 
I  /-> v^T" ' '  . —• " 
 ^X -i- C  ^, (43.4) 
Replacing +i by -i in (43,4) gives 
t L yty (43.5) 
and multiplying both sides by i gives^ in somewhat different 
notation, the fundamental equation of Kolossoff^^, 
^  x ' V ^ :  (43,6) 
For the purpose of transformation, let the stresses 
corresponding to (43.6) be given in the Zj^-plane by the 
functi on 
T i- I i  i  i , ( i ) .  
Let the stressed region be mapped into a new region in the 
2-plane by means of a mapping function 
z = g(Zx), 
which defines the stretching ratio, h, through the relation 
57  -
dz 
dz. 
= o- • £T « S'S' 
Kolossoff's method requires that there be written a function­
al relation 
I 2. + === hj^ -tiX '(^ ) (44.1) 
The new stresses in the z-plane are then obtained from the 
equati on 
r • „ -v-'V X  ^^— = - 6 ? X 6) ^  r , 
showing that 
V  ^ h t  .  
^y, 
(44.2) 
This transformation Causes stress-free boundaries to 
transform into boundaries acted upon by a constant normal 
stress. Stress trajectories map into stress trajectories. 
tf 7 
E. Foppl*s Transformation 
Beginning with the elastic relations for the two-dimension­
al problems of elasticity, Foppl derives expressions for the 
displacements corresponding (except as to notation) to a 
representation of Airy's function in the form 
Fx = YxYI +1, = - ~(Zi - Zi){X,-X) + |(5 ),(45) 
where the subscripts 1 denote applicability to the ZJ,-plane, 
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The mapping function, = f(z)., is then used in transform­
ing X"/ and 5, . 
It is recognized that iXT, may be composed of a number 
of terms Xi , JCf »..X, and that may be composed of a b n 
number of terms Each term is, of course, 
a. b m 
transformed individually by the mapping function. Thus 
=X(2). 
r ^ r- ^ 
?- r ( \ > (46) 
(Zx) = S (f(z)) = f (z). 
r !  r  ^  
In the z-plane the new /dry's function is defined as the 
sum of the terms of the type found in the transformation. Thus 
^ ^ , (47) 
each term having an undetermined coefficient or . The 
determination of the coefficients then proceeds from the 
boundary conditions in the transformed region. It is to be 
n 
observed that Foppl*s method requires that in (45) go 
over directly to y in (47), while VT and are trans­
formed by the mapping function. 
Foppl's only example begins with the known problem of a 
stretched plate with a circular hole and proceeds by trans­
formation to the problem of a stretched plate having an el­
liptical hole. In a sense the example is unfortunate in that 
the directness of the method is obscured by the necessity of 
using curvilinear coordinates. The introduction of curvilinear 
coordinates requires the use of a second mapping function. It 
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should be borne in mind, however, that the function which maps 
the region is the one to be used in transforming yC, and 5, , 
^ile the function which introduces curvilinear coordinates is 
used only as a matter of expedience. 
Let the x^, axes be chosen as shown in Fig. 12. 
P P 
F/G.  te .  
At a relatively large distance from, the hole of radius a, 
there is given a tension, p, which is taken for simplicity 
in the direction of Xj.. Air3'-'s function for the plate is 
knowi from previous solution to be 
ri - £a® log rj. - ( ri - a^ ) • cos 2^, ']• (48.1) 
Consider the first term alone in order to reduce it to 
the form (45)i. e» 
)0 8 
F . „  - - T ^  (48.2) 
Noting that 
v^ / r  ~2 f ;  ^  
a ' 
we obtain at once 
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•^ 1 > 
from which 
X-^  .  ^, 
= -2y . 
«!V  ^J! ' 
Therefore, from (48.2) 
I (xi + yi) f yi i/ ; 
I 4 - yi). 
(48.3) 
For the first term, we have therefore 
Fx = ya.(|yj + f (xi - yi) 
= yx , 
d. 
= i, ^  . 
The functions JlC/ and 5/ are nov/ ready for transformation. A. a. 
Proceeding in like manner with the other terms, we find 
for the second term, 
X .  
a® log r^. = tl + I, , 
6 ^ 
y » h 
- ^  H, 
(48,4) 
For the third term, 
- 61 -
P = - I" ri cos 8 <9; = Yi y; + ^ 
c ^ ^ 
X, = =>, 
S, - f / + c >7, P 2.2 
For the fourth terra, 
F, = I cos 2 , 
V 
^ -/ 
— Z / J 
o. 
For the fifth term, 
= - fir cos 2<5^  = j y ^  +S,  > 
e 
X, 
J  -
e 
<» 
— Z. . 
e 
(48.5) 
(48.6) 
(48.7) 
The mapping may be represented as taking place in two 
steps. The given plane, having a circular hole, is mapped 
first into the w-plane by means of the function 
z, = e , (49) 
and then the w-plane is mapped into the z-plane, which is to 
have an elliptical hole, by means of the function 
z = c cosh w. (50) 
From the earlier discussion of these mapping functions we may 
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trace the sequence of steps, shown in Fig. 13, whereby the 
circular hole goes into the ellipse. 
= lo^r, 
15 
If a and p are kept as the curvilinear coordinates 
in the z-plane, it becomes unnecessary'^ to make the second 
step in the transformation. All JC and 5 terms are already 
given in terms of w. In this case we have from (48,3), (48.4), 
(48.5) , (48.6) and (.48,7) 
X= £ z, pi , 
2z, 
= g log Zj, - , 
which become upon application of (49) 
X iA^  — AAS' = Ae + Be 
ew >• -xi 
S = Cw + De . 
Airy's function in the z-plane is 
p = yV^ + J , 
(51.1) 
(51.2) 
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Where, from (50) and (51.2), 
y = c sinh a sin 8, 
Y = Ae sin J5 Be sin p, 
>. -z* 
> = Ca + De cos 23, 
giving finally 
F = c sinh a sin® 0 '(Ae*^- Be'*) 
-f* 
+ Ca + De cos 2B. 
(51.3) 
The constants A, B, C,and D are now to be determined 
frcm the boundary conditions. If the boundary of the ellipti­
cal hole is defined by a = ^ then, to make this boundary 
stress-free, we set 
3F 
^ cC 
dF 
d 
T \  
a (52) 
of •«>= OC 
identically in This gives the relations between the 
constants, 
B = A (3 sinh a + cosh ) e , O % ' 
C = -A c sinh® a O ' 
D = -A c sinh® a e*" o 
enabling Airy's function to be written in terms of a single 
constant. It is now observed that Airy's function is of the 
form that produces a tension in the x~direction for large 
values of a. This condition permits the evaluation of the 
remaining constant. It is found that A = pc/4. 
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F. Discussion of Foppl's Transformation Method 
F^ppl's method has been given in some detail in order 
that its implications may be clear. Briefly it may be summa­
rized hj stating that Airy's function for the z^-plane is put 
in the form 
where 
X(zJ = IV;, and 5;(Zi) = ^ , + IV7,. 
Then DC, and 5, alone are transfoimed by the mapping function 
- f{z) . A new Airy's function is then written as 
F  =  y r +  i  , 
where a constant coefficient is given to each term in F. The 
constants are then determined from the boundary conditions. 
The reasoning advanced b3r Foppl as a basis for his method 
may be stated as follows. To every state of stress there be­
longs a harmonic state which is obtainable by a single differ­
entiation of an anal3''tic function. In this corresponding 
harmonic state of stress^ the normal stresses are numerically 
equal to the sum of the normal stresses in the given state, 
and the shear, conjugate to the harmonic normal stresses, is 
proportional to the rotation in the given state. Consequently, 
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transformation of the analytic function yields a new harmonic 
state of stress. To the new harmonic state of stress there 
belongs a new biharmonic state, related to it in the same 
manner as described above. 
A study of this reasoning shows that the "belonging" 
harmonic state of stress is given by the "dilatation-rotation" 
function, and that the analytic function which leads to the 
harmonic state by a single differentiation is X". 
Certain criticisms of the method, or questions concern­
ing it, are now stated. 
(a). General treatment of transformed boundaries, originally 
stress-free, is lacking. The implication contained 
in the example is that Foppl knew in advance that the 
stress-free circle would transform into a stress-free 
ellipse. 
(b). IvTo indication is given which tells whether F^ppl 
simply tried his method on a simple problem and found 
that it gave a new solution, or, having a definite 
complex problem to solve, he deliberateljr chose the 
simple problem which would give the desired result. 
It would be desirable to know whether there is any 
method of choosing a stress situation with relatively 
simple boundaries ^ ich will transform into a similar 
situation with more complicated boundaries. 
(c). Bules are lacking for the arrangement or grouping of 
terms in the given Airy's function. This would seem 
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to have an important bearing on the success or 
failure of the method since each term in and 
5^ is to be transformed separately and is to be given 
a separate constant coefficient. 
(d). Vfhat is the significance of the use of the form 
for Airy's function? Would Foppl's example 
have transformed equally well if Airy's function had 
been written in another form such as (2£;^+^ ), 
(x^+ jY~ ), or had been written in some other 
prescribed manner? 
(e). Are linear terms in Airy's function negligible when 
transforming just because they yield no stresses in 
the original stressed plane? 
Although the questions raised above are not to be answer­
ed fully in this chapter, there will be stated here a few 
observations which indicate definite limitations of the method. 
Boundaries. An example is sufficient to show that Foppl's 
method does not always yield simple boundary stresses on a 
transformed boundary which was 
originally free of stress. Con­
sider the known solution for the 
wedge loaded hj a symmetrically 
applied concentrated force at 
the apex. With axes as shovm in 
Fig. 14, the solution is 
/4 
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= E— = Cy^B . (53) 
2( © + sin 6 cos © ) 
* o o o ' 
This is already in Foppl'g form 
I'l =• nY, 
where 
x= == C log = C (log Tj. + i®, ), 
?,= IV), = 0. 
Transformation may be made to the z-plane, as before, in 
Mf 
two steps, = e , and z = c sinh w where the second 
function will define the curvilinear coordinates (a,B) in the 
z^plane. Our previous stud-^^ of these mapping functions shows 
that the wedge transforms into a region bounded by hj^erbolas 
in the z-plane. This is shown in Fig. 15 AAtoere the modifica­
tion of the region R may be followed. 
15 
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Transformation of X, = C log gives 
X = Aw = A{ (X + i^) . 
The new Airy's function is 
1 - jY Ayp = Acp cosh a sin p. (54) 
The stress equations (38} show that the edges P = ^ 
S = -3^ are acted upon by stresses which can be annihilated 
only by the addition of a second term in Airy's function (54), 
gK 
Neuber shows that the solution 
F = Aj5 cosh a sin p + Be cos p, (55) 
with suitable choice of the constants A and B, gives the re­
quired solution for the region R subjected to a resultant 
pull in the x-direction. The second term^ Be"''cos p, does 
not enter the solution from (55) by Foppl's method of trans­
formation. It must be brought into the solution in another 
manner« It is the finding of additional terms, such as this 
one, which annihilate the undesirable boundary stresses, that 
has been the source of greatest difficulty in the past. Any 
method of transforming which indicates such terms in a straight­
forward manner, or which renders them unnecessary, is of great 
value. We have seen that Foppl's method will render these 
terms unnecessary in certain special cases. 
From the foregoing it is evident that F^^ppl's procedure 
in handling the boundary conditions in the transformed problem 
- 69 -
may not, in general, be followed. Rather it becomes neces­
sary to determine the kind of boundary conditions which the 
new solution is capable of satisfying. If these boundary 
conditions turn out to be satisfactory, then one may proceed 
with the evaluation of the constants. 
Choice of Problem. It is probable that the greatest 
benefit will come from Foppl's transformation method when it 
is used as a simple trial process. This is to say that the 
success of the method in any given case will generally not 
be known in advance. There are indications, however, that 
transformation functions may be studied individually to 
determine the degree of success to be expected from them. 
Arrangement of Terms. The question is asked now whether 
one might vary the method of separating the terms in the o-
riginal Airy's function. The given function in F8ppl's ex­
ample may be written 
^ ^ 2a® log Tj, - ^  cos £6, + 2a^ cos 2&^ . 
It is evident that the first term, py^/2, gives at once the 
combined results of (48.3) and (48.5), and furthermore gives 
them with a minimum of difficulty^ Rearrangement of terms is 
therefore permissible in this example. 
The Form F = jy The requirement that Airy's 
function be put in this form is discussed in Chapter V. It 
is shown there that permission to depart from this form 
increases materially the number of solutions which may be 
(56.1) 
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obtained by the method,, 
Linear Terms in Airy's Function. Congfider an Airy's 
function 
= AXi + = AXi + (Bi + Bs) y^ 
= yi + I, . 
We may write 
yc^= iBa. + ia, 
= (A - iBs + ia) , 
since then 
+ a, 
= Ax^ + B2 3^^ - ay^, 
giving the stated Airy's function. Since is a constant 
it is not affected by transformation. It therefore yields 
a linear term which may be disregarded in the new stress 
function. We may therefore set Bj. = a = 0, leaving 
Fx = Ax^ + By^ = i, 
where 
+ iv^^ = (A - iB) , 
Transformation of by means of a mapping function 
= f(z) = txix.y) + iTz(x,y), 
gives 
f = (A - iB)(fx + ifs ) 
= Afx + Bfa + KAfa - Bfi), 
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leading to the new Airy's function 
F = i = Afi + Bf2. (56.2) 
Thus linear terms in an original Airy's function are seen 
to transform into harmonic terms in the new function, with 
corresponding stresses, 
(^  =• - i " X J 
<' + 
Ky - - r  
The significance of the fact that new stresses enter through 
the transformation of linear terms in Airy's function is yet 
to be ascertained. 
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V. FSPPL'S IfETHOD EXTENDED TO INCLUDE OTHER FORJIS 
OF AIRY'S FUNCTION 
A. "Simple Forms;" General Solution of Airy*s Function 
in Polar Coordinates 
An essential part of Foppl's method as originally pre­
sented is the representation of each term of Airy's function 
in the form 
^  ^ jY  *  I  = - I  (z -  z ) (X-7)  I  (!•  (67)  
In fact Foppl went to great lengths to resolve the term r® 
in this form. We have seen, however, that Airy's function 
may also he represented in the forms 
F = xj? = J {z + z) { X  +X) + ^ (5 -^-5 ) , (58) 
F = x ^ + y f + i = |  {zX+ zX) + I (? +?"); (59) 
or 
= I Z2( X) + I (f +r). (60) 
For want of "better descriptive names we shall designate 
the biharmonic terms as follows: 
y " y^-Type, " 
X j> ^ -Type, " 
+ y-y^ "X-Type^" 
"r^-Type." 
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The harmonic term we shall designate as a "$• -type," 
It will be found that individual terms of Airy's 
function, and in some cases an entire solution, will fall 
naturally into one or two of the types and have to be forced 
into the others. It is of interest to know, then, whether a 
transformation may not equally well be effected if one of the 
forms (58) to (60) is used instead of (57). One thing is 
certain. Transformation of ZK and ^ alone in (58) to (60), 
with z and "z going over directly to the new variables, 
insures that the new function F will represent a state of 
stress in the new plane. 
In order to facilitate the further study of transforma­
tions when (58) to (60) are used, the general solution of 
Airy's function in polar coordinates will be written, and each 
biharmonic term will be classified according to one of the 
first three t3'pes listed above. 
The general solution of Airy's function in polar coordi-
nates ma3'- be written as follows^; 
F = a log r + b„ r® + c r® log r + dr^O +a'6 o o o ^ c o 
+ r <9 sin© + (bj_r® + a^^r'' + b^r log r) cos 6" 
+ r (9 cos ® + (d^r® + c^r~' + d^r log r) sin B 
, n , n-t-Z . -n , . _n-v2, ^ 
+ /  ( a r + b r  +  a ' r  +  b ' r  )  c o s  n ©  / f) n n n 
, n + 2 _n _n + Z -(c r + d r + c'r + d'r ) sin nu. 
n n n n 
Each of these terms is given in Table I with the corresponding 
T 
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TABI^E I 
•'Simple Forms" of the Terms 
of Airy's Function in Polar Coordinates 
Ho. Iry 's ^unc. f/on 
F 
" •3//yiple Forrn ' (JSGS 
Ty/e>c R X. 
/ /o^  r C 
T h / e k  C y h ' n d t f r ^  
''iS^  ^yf^- ^^ 
4  X h ? o HytJrosioi'tC'. 
Za 9 i> i o 3/mple Tens/on in \/ direction. 
2t> 4 /  t b ? o Simple Tension /n ;< dire^ilon. 
3 X C^i Z 
^ym. eniaouf- O. 
L /^O.t t No.2 f/o. 3] /Applies 
/ o  r i n g  / n  p u r e  h e n d i n g .  
4- X 
*-4 *—• 
5 al 0 o ? t
u 
^ * N> « 
I 
S  ^  snc,: 
<7/ cin^m oi" 
in'tin if a p/^me • 
Cf, 
^  r  <9 51 n G f J/o^ Z 
R 
^ f^orce. 
^ p^jrc,M 
J £f^ origin oi' 
_JTF/J7/-plein£-
7 
/ r cos 3 X  / 
C/'/o.? i- f/o8^ No.'^ ] Applies 0^ 
circuital' rin^ hen-t by 
-forcG • 
s 
, - /  
<7^ Z' COS S '  - /  <7, I 
1 U' 
/F/VC.E Y /VO.^7 
qiv'^s -fore 9 
1  /rr in-firyife 
t 
h r/o^rco5& f 
V . — .
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TABLE I 
(continued) 
No. ranch on /= 
•3fmp/e /^Orrn (Jses. 
Typ^ <r X 
/o ^ f <9 cos O f  
forc& ^  
•Ft~om sia^e-s of 
^o, Qj 7 J 8J <7Ai^ 
// d, ^in 0 X ' ^ -,2 'L i 
/e c,' r ' ^/n & 
' / c  c  ^  
13 
J t , 
r sm & r  id, lo^ i 
/4 n ^ a r C05 nO n C/ I 
n 
n > 2 
•3olof tons for 
-fheorirx^ ctnd 
nornnal forces 
propori'ion oJ /o 
3in HQ an'd cos nO 
ac^in^ upon inner 
cin d oa^er hoonej — 
cyri'es of circu/cir" 
rin^ . 
A/o. 5-t No, Z! giivei) 
cocp/e c?/ djoev oi 
\/^ edg e • n " 2). 
15 b r C05 n& 
n 
X 
, n-t-l 
b 2 
n 
Ko a' r "cos n& 
n 
! -n 
n 
, ' -ni-s 
h r C05 tie 
Ki X 
J • -ni^t 
b 2 
n 
18 r" s in n6 
^ r? 
a a r sm ns X 
n-f-i 
Zo c' r ^ 5ln nB 
n 
, , -n 
L C H  
n 
21 !  ~ n t t  r 3in n6 X 
! / '  —n-^) 
L d 1 
n 
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type designation and the function Z>C or S which gives 
rise to it. These types are designated as the "simple forms" 
of these terms. A definition of "simple form" might be 
stated as follows: "the simple form of a given term is that 
form, among the possible forms 
( xjp),  ( yf) ,  ( +  i t )  ,  and ), 
which permits the term to be defined by Z>C alone or ^ 
alone," 
Examination of the columns headed and 3X7 in Table I 
shows that all simple forms are represented in the two series 
oO 
J>C = ) log z + (A^ + iB^ )z log z + ^  
fri ss — oo 
and 
f = ( c^ + id^ ) log z + ^  ( c^+ id^) 
m=r - oo 
Where m is any integer. Thus it is seen that all of the 
simple forms that can possibly arise in any transformation of 
DC or ^ are those coming from the real or imaginary parts 
of the transformed terms, log z log z, and z"^ . 
B. The Extended Method with Examples 
The extended method of obtaining new stress problems bjr 
transformation may now be stated. 
1. The given Airy's function in the z^-plane will be written 
in one of the forms (57) to (60), whichever is convenient 
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or yields the "simple forms" of individual terms. 
2. The mapping function will then be used to transform 
and 5, -
3. The new Airy's function will be written in the same 
form as the old, with the new variables z and z" in 
place of and 'Zj., and with the transformed yC and 
^ replacing the old functions and . 
4. The coefficient of each term in ^ and ^ will be 
written as a real constant whose magnitude is to be 
determined from the boundary conditions. 
5. The applicability of the new stress function will then 
be investigated. 
6. From this investigation the new boundary conditions will 
be specified. 
Examples will now be given wherein the method has yield­
ed relatively simple derivations of known solutions, 
1. The Roller Problem. 
Let the given state of stress be simple tension in the 
direction of in the z^^-plane. Let the mapping be that 
which leads to bipolar coordinates, namely 
2j_ = w - log ^ ^  ,  
^ z + a * 
z = coth {w/2). 
(61) 
The mapping is illustrated in Fig. 6 where it has been shown 
- 78 -
that an infinitely wide strip of height t t  maps into the 
circle of radius a with center at the origin. 
The original Airy's function is 
F 1 = 1 n - YxV; •= -i (z. - - X)< (62.1) 
where 
x^ . y, = 1. 
The transformation of by (61) gives 
J?C= ±yr s= xog ?n T, Q 
Zi + a 
- A [log 5-J+ 1(9^- e,) 
(62.2) 
Where Zg = z - a = r2e' 
Airy's function is 
i d .  10, 
and z3'=z+a = r3e The new 
" = - i (z - z) ( X-X ) = 
= Ay ( ($2 - <9^  ). 
(62.3) 
Since we are interested in the stress possibilities on 
boundaries y^ - p = constant, it is convenient to use curvi­
linear coordinates (a,p), defined by w = a + ip in (61). 
Airy's function, expressed in curvilinear coordinates, is from 
( 61) , ( 62,2)j and (62.3) 
Aa F' = ~(w - w)(coth ^  - coth —) 
4: 2 ^ 
Aa 
sin 
cosh a - cos p * 
(62.4) 
- 79 -
From (52.4) and the stress equations (38), we obtain 
^ _ A (cos^ p - 2 cosh a cos j3 + 1) , 
a 
1^ '= - f sln^  p. (62.5) 
r  =  0 .  
oi^  
Equations (62,5) show that the curvilinear coordinates 
a,p are also stress trajectories, and that, on any line 
I 
P = constant, there is exerted a constant normal stress ^  . 
The mapping has shown that the lines 3^  ~ Tr/2 and pz = 37r/2 
bound the circle v/ith center at the origin and with radius a. 
On these boundaries we have 
r 2 
A  C! (62.6) 
 ^ 3'TI' V  
This constant stress on the boundaries is easily eliminated 
by means of a hydrostatic tension of equal amount. For this 
we take 
t- t — 
^ 4a 4a ' 
with corresponding stresses, 
(63.1) 
JL, 
T" « r" 
x y  
O . 
(63.2) 
We now have a complete solution which insures no stresses 
on a circular boundary, r = a. This solution is the combined 
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functions (62.3) and (63.1), 
F = F' + J" = A + 1^ ] (63.3) 
The stresses are 
_ A (cos® p - 2 cosh a cos p), 
a 
A 
a 
C0S2 p 
where 
t = 0, 
«</3 
w = a + ip = log 
(63.4) 
z ~ a 
z +' ''a 
The nature of the load is most easily determined by 
•t 
examining the stresses on 
the vertical line of 
symmetry a = 0 as shown 
^ in Fig< 16. Only normal 
stresses act on this line, 
] I^om (63.4), we have 
/6 
- ^  ( cos^ p - 2 cos p) . (63.5) 
The symmetr]/- of (63.5) with respect to the line p = t t  
indicates that there is no moment applied at (a,0). Integra­
tion of the stresses across the left edge gives 
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frcm which 
f.i] • 
TT 
dy = -t t A , 
where P is a compressive force acting upon the circle at 
{a,0). A like force acts at {-a,0). 
By choosing the "boundaries p = u/E and p - Sir/S in 
the manner shown in Fig. 17(a), we have obtained the solution 
for the roller loaded by diametrically opposite loads. Other 
/3 -
° 
I -—I ——I- 4 
/3 « ir-t- ^ (y 
(^) 
a-rr-Po 
/7-
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combinations of boundaries p = const, as shovwi in Fig. 17 
might equally well have been chosen. With the addition of an 
appropriate hydrostatic stress, equations (62.4) and (62.5) 
are capable of yielding the complete solutions for each of the 
problems indicated in the figure. 
2. Inversion of Simple Tension. 
Let the ^ven state of stress be simple tension, p, in 
the direction y^., as represented by the Airy's function 
I xi = y = I  < Zx ) ( X, + X,) 
where (64.1) 
2 
Transform by letting 
z z 
1 
X 
The new Air3'''s function is 
F' = I (z + z)( X+ X ) , 
where > (64.2) 
X == = Aw. 
Expressed in curvilinear coordinates, the new function 
is 
(64.3) 
with stresses in curvilinear directions 
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^ ^ - SAa^ , 
+ 2A62 , {64.4) 
r'= 0. 
T 
Here it is observed that lines a = const,, 3 = const, are 
stress trajectories upon 
which the normal stresses 
are constant in magnitude. 
A portion of the mapped 
field is shovm in Fig. 18 
where a sjnnmetrical arch has 
been isolated for special 
study. The stress on the 
F/(5. /8 side ^ = ^ 2 is eliminated 
by adding the hydrostatic 
' V o / . / ^ , * 
' ^4 1 
A ; » ^  I t .  • .  
*» to»" /' i ' 
. . Vi \''v' 
state of stress 
F" = - ~ fuT^  A -2 2 
a 
" • III ' 
It 
- SA^ 2 > 
- 2Ap a J 
^ "  II 0. 
(65.1) 
Letting the stress ^ at p = 
result 
be a pressure, q, gives the 
-q = 2A {? l  - p'j, 
f i ' j h  
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or 
2A 
Px - pi * 
(65.2) 
The complete state of stress Is then given by Airy's 
f uncti on 
F = F» + F" = 
-q 
[ <  z + z)(z'^  + z ')-2B1S 2Z  ,« _-=r 
8(Pi -
The stresses are 
8(pi - PI) 
- j^ (w + w)(w'V w ^ -2p' ? -J- -J • w w 
(65.3) 
C; - p. ; p7 ip 
S''? 'P' - PI'' {65.4) 
r « 0 .  
olp, 
If and Ds are the diameters of the outer and inner 
circles respectively, then 
02 = i-
ri D2 and 
6| = i- • 
F2 D| 
In an entirely analogous manner one may eliminate the 
stress on the outer boundary p «= Pi and perm.it a specified 
uniform normal stress to act on the inner boundary p = pa. 
Any combination of inner and outer stresses may then be 
handled. 
3. Elliptical Hole in Plate Subjected to Uniform Radial Tension. 
Consider the known solution for the plate having e circu­
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lar hole and subjected to a uniform radial tension* The 
form of Airy's function for this problem is 
where 
= A^rl + log r^ 
^ XJ + + 5^ ) , ^ 
= log 
(66.1) 
) 
(66,2) 
and the origin of coordinetes is taken at the center of the 
hole. This is a "X^-type" solution with a "^-type" term. 
It will be transformed into c new solution of the same form 
by means of the same transformations used in Foppl's example, 
nemelyJ 
where 
w = arc cosh (z/c). 
(67.1) 
As before w = a + ip will define the curvilinear co­
ordinates in the z-plane. Figure 13 shows the steps by which 
the circuit,r hole goes into the ellipse. 
The transformation of and gives 
X  
'ur 
e ? 
^ = w. 
As e. slight modification of method, we m.r.y introduce the 
(67.2) 
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hydrostatic term at this point, recognizing that its coef­
ficient may 1*6 made zero if the hydrostatic state of stress 
is found undesirable. The hydrostatic term in the new Airy's 
function is 
zz = c2 cosh w cosh w 
= B( e^ + e + £ cos 2p) 
I ( 6 8 )  
The "X-type" term in Airy's function is 
f  +  yY =  " I  ( z X  +  z X )  
0 , ^  1 . , —V 
•w (e cosh w + e cosh w) 
O^C 
= A (e + cos 2p). 
The harmonic term is 
1  =  I  ( ?  +  I  > = Oa 
SO that the complete Airy's function may be written as 
F = + cos 2p) + 3(6^"^ + e"^" + 2 cos 2p) + Ca. (69) 
The stress equations (38) give 
( cosh £a ~ cos SB)^ = ( 2A + 4B)(-2 sin ) ( cosh2a-cos2p ) 
2ot 2oc -2« 
+(2Ae + 2Be - 2Be + C) sinh 2a 
+ (2A + 4B) sin^ 2p. 
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 ^^  -Z«f 
J (cosh 2a - cos 26) (4Ae + 4Be + 4Be ) (cosh 2a-cos 2§) 
2oc 2!ot — 
-(2Ae + 2Be - SBe + C) sinh 2a 
-(2A + 4B) sin® 2^. 
^2 2 (cosh £a - cos £B) T = - ( 2a  + 4B) sinh 2a sin 2S 2 
+(2Ae + 2Be - 2Be + C) sin 2p, 
Assume that a stress-free hole, defined by the ellipse 
a = , is a possible boundar3r condition. If the constants 
A, B, and C will permit this condition to exist, then we have 
a useful solution. If not, it is probable that additional 
terms are needed in the solution or that the hydrostatic term 
is unnecessary. The desired boundary conditions are 
oc 
<<= oc 
= O (70.1) 
o a 
identically in p. These yield the relations between the 
constants 
A = - 2B, 
C = 4B cosh 2a , O 
/ 
(70.2) 
confirming the assumed boundary conditions at the hole. 
Substitution of (70,2) into (69) gives for Airy's 
function 
F = 2B (2a cosh 2a - sinh 2a). (70,3) O 
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The remaining "boundary condition, that the stress at a com­
paratively large distance from the origin shall be radial 
tension, is also capable of satisfaction. We write 
(h. (X. 
oC 
= p 
Where p is a specified tensile stress. This leads to the 
relation 
B = - . 
8 
Finally, the stresses are 
^ _ sinh gg (cosh Sg cosh 2 ) 
(cosh 2a - cos 2f>)'^ ' 
 ^= p sinh £g (cosh Bg -4- cosh ^ B cos 2^) (70»4) 
(cosh 2a - cos 2p)2 ' 
r = -n (eosh 2g ~ cosh 2ao,) 
o(^  (cosh 2g - cos 2^ )® 
These equations are identical with those obtained in another 
way by Coker and Filon^. 
4. Elliptical Hole in Plate Subjected to Tension in a Direction 
formal to the Major Axis of the Ellipse. 
It may be recalled that in Foppl's example the resulting 
tension in the plate with the elliptical hole turned out to 
be parallel to the major axis of the ellipse. A solution 
will simply be indicated here in which the tension is normal 
to the major axis of the ellipse. A "_X-type'* transformation 
will be employed. 
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f f f  
/Vci. /s 
The stress situation in the -plane corresponding to 
Fig. 19 is given by the Airy's function 
^ 4 
f Q2 _ r5 ) ® 
r| - 2s2 log Tj. + — cos 2 6, (71.1) 
As indicated in Table I, the "simple forms" of these terms 
may be taken as follows: 
a. 
2 
"jX-type" 
b. log r^ - type" 5,= log 
0 . —2 r^ cos Z6, "S -type" II X 
d. cos S6i "jX-'type" 
^r 
-1 
Zl 
e. COS 28, " ^ -type" Z2 . 
The mapping function Is 
— e , 
where 
w arc cosh {z/c), 
90 
giving the new terms 
b. 
a. 
d. 
c. 
e. 
^ = e 
X— w = e 
» ^ w S = e 
With no hydrostatic term, Airy's function then becom.es 
these constants may be determined so that the elliptical hole 
will be stress-free and there will be a simple tension in the 
y-direction at large distances from the hole. 
5. The Split Eccentric Ring; A Criterion For Single Valued 
Displacements. 
Consider uniform tension, p, in the y^.-direction in the 
-plane, Airy's function is 
F = A (e + cos Sp) + B(e + cos Sp) 
+ C e cos 2p + D e cos + Ea. 
(71.2) 
Comparison with the known solution^ for this case shows that 
where {72.1) 
:x,= = I z,. 
y 
Let 
z = w = log , 
^ z + a ' 
- g l ­
and consider the region bounded by the lines a - and 
a = tta as shown in Fig. 20. 
. \ A ^ 
J/ 
\ J \ 1..^  
* \ 
\" 
\ V 
- ^ ^  \ 
A-if 
V ''' '''^ 7' 
7 * - * — t 
/ 
/ 
V '' 1 X 
" 
> 
i \ ! ^ f 
1 
'-iv 
1 
20 
The transformation leads to 
1 
since 
F 4 
Aa 
(2 + Z)( X+X ) 
(i\' + w){coth ^  + eoth w ), 
_X = AZa. = Aw, 
z = - a c oth (w/£). 
{72.2) 
(72.3) 
The stresses are 
— slnh® a, 
a * 
a 
(cosh a cos j?, - 1) - it sinh® a. 
a ' 
L  =  0 .  
(72.4) 
Here again it is possible to produce a uniform normal 
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stress of prescribed intensity on either or both of the 
boundaries a = constant. Without an investigation of the 
displacements one might erroneously conclude that this 
solution represents the stresses in a closed circular ring 
having an eccentric circular hole and subjected to uniform 
internal and external pressure. 
The equations (26,3) for displacements, namely, 
E ^ E J' 
V = f xY[ 
show that a complete circuit around either of the points 
(a,0) or (-a,0) results in a changed value of v. In other 
words, the displacement function 
w - u + iv = |r - ~ 
E PI 
is multiple valued in the region considered. 
The necessity of examining the displacements brings out 
the need of a criterion for single valued displacements in 
the stressed region. It may be observed from the displacement 
functions (33,3) and (33.4), given in Chapter III, page 49, 
that 
single valued displacements are obtained 
in any region where -X ^  Xand S are 
single valued. 
This is true for a representation of Airy's function in any 
of the forms 
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r - + i, 
"  j X *  
- + £3 
= r^cp + £ . 
In the problem of the eccentric ring there is then a 
split from the inner to the outer boundary at some point in 
the ring, wherein the two sides of the split suffer a rela­
tive vertical displacement. From (26.3) the amount of this 
relative vertical displacement is found to be 
4 = i6£A 
E ' 
a quantity which is independent of the location of the split. 
The forces acting in the split depend upon its location. If 
it is taken along one of the lines p = constant, the 
stresses in the cut are given by the second of equations (72.4). 
From these stresses the loading situation may be determined. 
C. Special Forms of Airy's Function and Their Transformation 
The entire philosophy which underlies the method of 
obtaining new stress problems thru transformation of ^  and 
^ alone is the preservation of the form of the given Airy's 
function. Thus if the given solution in the Zj_-plane is of 
the form 
Fx = Yx'Vr , 
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tiie final solution in the z-plane will be written arbitrarily 
in the form 
F « y y + f , 
transformation having been accomplished through 
Zi = f(z) 
in the functions JC, and ^  , giving 
X/Zi) -^(f{z)) =X(z) 
and 
It should be recognized that this philosophy of preser­
vation of form is not changed if the transformation is per­
formed in some derivative of JCt or ^ . In fact one of the 
earlier methods of obtaining new solutions by transformation 
has been described in Chapter IV as a transformation of the 
"dilatation-rotation" function. It was shown that this 
function is, except for a constant coefficient, the saine as 
our function JC'~ dj>c/dz. 
A particular relation between PC and ^ is met 
frequently enough in Airy's functions to deserve special 
consideration. The relation is 
(73.1) 
where 
F = y + / . 
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From (27.2), (28.2), and (73.1) the stresses are then 
= f- yr," 
<5 = f'* yT' 
» 
If , 
(75.2) 
with corresponding displacements 
1 - n u = —n— ^ 
E yr'. 
V = . |i ^  yy 
(73.3) 
(73.4) 
This solution obviously depends only upon and its 
derivatives. It would seem therefore that one might obtain 
useful new solutions by transforming j?C alone, which is 
equivalent to transforming ^ and 5' in Airy's function 
as written above. One may look upon Airy's function in this 
case as being of the form 
F = . i. (z - % ) { X - X )  *  ~ [ / X a z  +  / X c i z  
a form which is preserved upon transformation of J>C alone. 
This form of Airy's function has been used by Carothers^, 
Nadai^^, and MacGregor^^ in dealing with problems involving 
nomal loads on the boundary of the semi~infinite plane. An 
example of a transformation applied to this type of solution 
will now be given. 
Consider the Airy's function for the -plane, 
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= f (~=^  sin B6,- r|l9^ ). 
The stresses in radial and tangential directions are 
(74.1) 
T = 
ne, 
•A { G, + sin 2 0,) , 
•A ( ^ / - I sin 2(9, ) , 
A sin® 6, 
(74.2) 
?7hen (74.1) is written in the form (73.4)^ we have 
X= AiZi (log ~ 1) =5;'. (74.3) 
Let (74.3) be transformed by means of the function 
n +1 
= z (75.1) 
where n is a positive or a negative integer. Then 
n-»-l 
J)C = iAz""'(log z"""- 1) = 
I 
X= iA (n + 1)2 z"log z = S" , 
-V'' n~' 
A = i A ( n  +  l ) 2  z  ( n  l o g  z  +  1 ) .  
From (73.2) and (75.2) the stresses are found to be 
= A(n + 1)2 Re iz*^ log z - yz" '(n log z + 1) 
~ A(n + 1)® Re iz" log z + yz (n log z + 1) 
(75.2) 
[ n-), A(n + 1)2 Re I -iyz (n log z + l) 
(75.3) 
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where Re signifies "the real part of." 
On the line y = 0 these stresses becorrie 
= - A{n + 1)® 
t] = - A(n + 1)^ x'^fel 
•J y*0 L Jy^Q 
"y. 
= 0. 
That is, for y = 0, x ^  0, we have 6=0, giving 
-
y-o 
O 
= O 
y ft o 
-v: > o 
While, for y = 0, x ^  0, we have O - -n ^ giving 
(?• 
> 
y = o 
o 
-irA {n + 1)2 x*" 
y^o 
-x. ^  o 
Letting 
5 = -p = »TrA (n + 1)2 (-1) 
y - O  
/*• -1 
gives 
(n + D^A = ^  (-if « ^  (if. 
(75.4) 
(75.6) 
Putting (75,6) into the stress equations (75.3) gives 
MacQregor's solution^® for the semi-plane loaded only by 
noriaal forces on the negative side of the x-axis» The load­
ing-situation is shown in Fig. 21. 
The above example has been given to shov\f that special 
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forms may be taken for 
Airy's function and that the 
preservation of these forms 
during transformation is 
capable of yielding new 
solutions of value. The 
FtG. ^ /  
example is an illustration 
of a broad interpretation 
which may be placed upon 
Foppl's method of transfor­
mation. Other special forms of value are doubtless to be 
found. 
It has been stated that there are occasional exceptions 
to the rule that Airy's function may not be transformed 
directly'-. Such an exception is illustrated here. 
Consider the problem of the wedge loaded by a couple 
applied at the apex. When the wedge is chosen In the 
Z3_-plane as shown in Fig. 22{a), the Airy's function m-ay be 
written 
D. Direct Transformation of Airy's gunction 
Fj. = Ai©i + Bj. sin 2©, , (75.1) 
where 
Ai = -2 Bi cos 2©o, 
(76.2) 
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1 
/3 
F/Q. gf • 
Consider tiie transformation ^ where 
w = arc sinh(z/c). By this transformation the wedge hecomes 
a region bounded by two hyperbolas as shown in Fig. 22(b). 
The application of this transformation function directly to 
(76.1) leads to the new Airy's function, in curvilinear 
coordinates, 
F = Ap + B sin 2p, (76.3) 
where 
a + ip = arc sinh(z/c). 
Since (76.3) is a solution of 
V 17 F = 0 
in the z-plane, it is a true Airy's function, representing 
a state of stress in that plane. 
The stresses given by equations (38) and (76.3) are 
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h2 ^ = >4B sin 2p + sin 4p + | sin 2^) , 
V^^= ^2(3 cos 2p + "I) sinli 2a, 
where 
h® _ 1 {cosh 2a + cos 2p). 
(76.4) 
Equations (76.4) are consistent with the boundary 
requirements that 
provided that 
T 
oCfi = (j' >  ^0. 
(76.5) 
/"'-Po 
A = -2B cos 28 . 
o 
{76.6) 
This is identical with the relation given by (76.2) for the 
corresponding constants in the wedge. In other words, in 
this problem, not only does Airy's function transform directly 
into the corresponding problem in the new plane, but the 
relation between the constants is unchanged by the transfor­
mation. 
Examination of the stresses upon a cut at x = 0 reveals 
that the resultant acting upon the cut is a couple, giving 
the loading situation shown in Fig. 22(b). It Fiay be observed 
that the curvilinear coordinates in this problem are not 
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stress trajectories except at the boundaries P = - • A 
solution to this problem has been obtained in another manner 
by Neuber^®. 
E. Study of Boundary Conditions 
A non-analytic function, H, has been defined by equation 
(32.1), namel3'-, 
H 3F 
where F is Airy's function. The directional-derivative of 
H is shown by equations (32^2) to (32,6) to be 
T = -=— -f €• 
^ Pa-
= + e 
9 2 
t l S  \ 
<?? V 
^ ^ • r 1 
_* iL ^ i i ]p 
t r 
= ^ - cT 
(77.1) 
where the x'-axis makes an angle JS with the x-axis. 
By taking the x'-axis tangent to a boundary one is 
enabled by (77,1) to express the important fact that 
the directional derivative of H, taken 
tangent to a stress-free boundary'", vanishes 
everywhere along the boundary?". 
Furthermore, 
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when the directional, derivative of H. taken 
tangent to a boundary^ is real, the boundary-
is acted upon "by normal stresses only« 
For the important case of a stress-free boundary it may 
be shown that Mohr's circle of stress, the Mohr-Land circle, 
and the Kasner circle for directional derivatives of H, all 
become identical. This common circle is shown in Fig, 23. 
From the relations given upon the stress-circle, the boundary 
Si-ress -circle, for 3'^re 5s>-fre& &aunclary • 
S3. 
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conditions may be written for the stress-free boundary. Thus 
- Z i j S  
^ -
•Zi yS 
e 
F 
<^ 2 P? 
//= 
+ 
d^F 
Pz 
fF 2t 
dE ~ 
(77.2) 
Consider the mapping of a boundary. Let a given stress-
free boundary in the Zj.-plane became a new boundary in the 
z-plane through a mapping function 
z = s(Zi.}. 
Equations (29) and (30) are then written 
h2 = g'g' 
(77.3) 
and 
g' = he 
(77.4) 
where ^9^ is the angle between the tangent to the mapped 
line yj. = constant and the x-axis as shown in Fig, 24. 
Since the mapping is conformal, the angle between the 
tangent to the mapped boundary and the x-axis is ^ 
where Sf is the angle between the tangent to the original 
boundary and the xj.-axis. 
It is desired npw to investigate the nature of the 
stresses which may have arisen upon the new boundary through 
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y 
/K, 0 
c>f cf Qoondary. 
/^/^. ?4. 
Trans fort» e d 
& our> dai-y, 
transformation of Airy's function. The method will first 
be outlined and then illustrated. 
1. Express the transformed Airy's function in terms of 
the original complex variables and the transformation 
function, , and g. 
2, Obtain from 1 the directional derivative of H, 
along a tangent to the new boundary, converting the 
independent variables to Reduce this 
result to its simplest form by means of the boundary 
conditions (77.2). 
3, By means of the theorems expressed above, investigate 
the nature of the boundary stresses. 
4. If boundary stresses are found to be present, further 
directional derivatives may be taken to reveal their 
manner of distribution. 
The procedure outlined above will now be emplo^'-ed to 
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investigate the particular transformation of inversion when 
the original Airy's function contains exclusively biharmonic 
terms of a given type. These may be terms previously desig­
nated as "y'-type", "Y'-type", or "_X-type", In this case 
Foppl's transformation method is identical with Michell's 
process of inversion. This provides a check upon the results 
of this investigation of boundary stresses. 
When the original Airy's function, applicable to the 
z^-plane, is Fj., and the transformed function, applicable 
to the z-plane, is F, it is easily'- shown that 
F = -F,/: (78.1) 
subject to the limitations of the preceeding paragraph. The 
boundary conditions in the Z3_-plane are 
If. , ^ 
Pi, (78.2) 
di-f ' ~ 
The directional derivative of H, taken along a boundary 
in the z-plane, is by definition 
2 
• fr //r 
(78.3) 
From (18*2) '^ 1 
(r)U (78.4) 
' Ph 
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Using the transformation function 
z = gCZj.) = l/Zj. 
in (77.4) and (78.4), and substituting the results into 
(76.5), one obtains 
r. H h' 
Substitution of (78.1) into (78.5) gives 
(78.5) 
X _2 
"h 
i c . I '3Fi I P F") hr, -h — —— ^  — 
Z; di, 2/ 9?/ 
6 
which, from the boundary conditions (78.2), becomes 
2 C" +2, -f 2/ 
Pz, 
(78.6) 
Since Fj. is real and the sum of any function and the 
corresponding barred function is real, it becomes apparent 
from (78.6) that the directional derivative of H, when taken 
along the new boundary, is real. Therefore, from the theorem 
stated above, the boundary must be acted upon by normal 
forces only. 
To determine the nature of the normal stresses on the 
new bo\indary, one may take the directional derivative of 
along the boundary. Thus 
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Jr, 
cl ^  
^Yh 
-J- -f-e -rrir (78.7) 
The operatoris may be written 
2__ ' 5- 2 P r -r ) 
' ^2/ 
These, with (77.4), give for (78.7) 
d 2 
= - 2. 
if 3X, , ^-^'-9' 3r„ 
? 2, 
+ e (78.8) 
The application of (78,8) to (78.6), and the use of the 
boundary conditions (7B..E), give 
3'jS,-t'Sg V ^2,  di, d^, 
O / -2L3, ;fp. 
• Z 2 ?t,(JA=-+e 
Pi - ? I ' 
0. 
(78.9) 
The normal stress is therefore constant along the transformed 
boundary. 
One additional fact is known for this particular problem, 
namely, that stress trajectories map into stress trajectories. 
It will be shown that this fact is readil^?- discernable through 
the non-analytic functions used above. 
From (77.1) it is seen that 
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the directional derivative of H, taken 
tangent to a stress trajectory, is real. 
Therefore, in the original Zj_-plane 
fr. fr, 
^ ->v2 s=E. A f?€ol funofion } 
On Tr«J&c^ory 
Where now designates the angle between the x^-axis and 
the tangent to the trajectory. Equation (78,5) therefore 
becomes 
showing that stress trajectories map into stress trajectories. 
The above problem, with previously known results, has 
been handled b^'' means of non-analytic functions of a complex 
variable as an illustration of method. 
In this chapter various solutions have been obtained by 
a transformation process which has been based solely upon e 
theory that, during the transformation of a given stressed 
region, the preservation of the form of Airy's function is 
capable of producing a new solution of value. By this process 
~ A Real func.i'/ony 
F. Discussion 
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the loading situations in the original and in the mapped 
region may be similar. The ordinary forms of Airy's function 
are built up from "type" solutions designated as "f-type," 
"•y-type," "JT-type," and "$'-type," A special form has been 
discussed in which JC " . The method of conserving these 
forms has been explained in detail and has been illustrated. 
The basis of the method has come from a broad interpretation 
of FSppl's transformation process. 
UTiile the stress-problems obtained in this chapter have 
been obtained before by other methods, the fact that they are 
obtainable bjr this transformation process is a strong indication 
that the method is capable of yielding new solutions of value. 
It is of interest to know what advantage or disadvantage there 
may be in the transformation method when it is compared with 
the previous methods of solution. For a problem such as that 
of the elliptical hole in a plate subjected to uniform redial 
tension, one need only study the solution given by Coker and 
Filon^ to know that there is a definite advantage in the 
transformation method. The solution of Coker and Filon re­
quires that the terms in the general solution of Airy's 
function in elliptic coordinates be studied, and that such 
terms be selected as can be seen to contribute the kind of 
stresses desired. Aside from the task of obtaining a general 
solution in elliptic coordinates, the selection of appropriate 
terms in Airy's function requires the exercise of a finesse 
that few possess. The major contribution of the transformation 
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method is its automatic selection of appropriate terms in 
Airy's function. The disadvantage of the transformation 
method as now given is that one is not always assured in 
advance that all of the necessary terms will come in through 
the transformation. It is quite possible that further study 
will show that the missing terms are of a restricted nature, 
and that knowledge of the restriction will aid materially 
in their selection. 
One cannot study the problem of transformation of states 
of stress without considering at some point the relation between 
the problem of plane stream flow and the problem of plane stress. 
The connection between the two has been discussed recently by 
Nemenyi^'^, Wegner and Neuber^'^. It has been shown by 
Nemenyi that for every orthogonal network of stream and 
potential lines there exists a five-parameter state of stress 
having this network for its stress trajectories. V/egner has 
given four possible conditions under which the stress tra­
jectories of a given stress system may arise from a problem 
of plane streaming. Neuber has given the boundary conditions 
under which a network of stream lines may be interpreted as 
the stress trajectories for a region with load-free edges, 
Neuber's condition for load-free edges in a streaming-
stress problem may be written in either of the forms^® 
h =  A z z  + B ( z+ ^ ) + C ( 2 - z) + D  
boundary 
or 
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h = azz + Tdz + cz + D, 
boundary 
where h is the stretching ratio. In case the remaining 
principal stress, tangent to the "boundary, is zero, the 
condition upon h disappears. By the application of this 
condition to the bipolar network, Neuber obtained the 
stresses in the regions shown in Fig. 17. 
From the above it is evident that a requirement that 
the stresS' trajectories should be representable as a net 
of stream lines for plane flow is a definite limitation upon 
the problems that may be treated. On the other hand, there 
is no reason to assume that the connection between the stream 
problem and the stress problem is definitely limited to a 
similarity of stress trajectories and stream lines. In fact, 
in any state of stress there exists one characteristic family 
of curves, isopachics, defined by ^ + ^  = constant, and an 
orthogonal conjugate system defined by 00= constant. The 
function, which defines these families, when multiplied 
by a constant factor^ has been celled the "dilatation-rotation" 
function. This function', being analytic> may always be 
considered to be a stream function. 
For a state of stress defined by harmonic terns only, 
the dilatation and rotation are zero and the function JXT 
disappears. However, in this case the isochromatics (lines 
of constant stress-difference) become defined in a simple 
;r" f'< II 
manner through the real part of S = i, + lY] , At times. 
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therefore, the isochromatics are also stream lines. The 
isoclinics, lines of constant direction of principal stress, 
may also be shown to have stream-line properties in certain 
problems. 
None of the authors who have discussed the relation 
between the plane stream problem and the stress problem has 
been concerned at the same time with the transformation of 
the stress field. Further study is needed to determine where­
in the stream-line properties and conditions may assist in 
this transformation. 
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VI. SUMMARY AND CONCLUSIONS 
A. Summary 
The two-dimensional problem of plane-^-stress is treated 
throughout the paper, corresponding states of plane-strain 
being obtainable by modification of the elastic constants 
wherever thejr appear. The results are summarized as follows: 
1. For a non-analytic function 
H= 
Where F is Air3?"»s stress function, the Kasner 
circle defined by the directional derivative of H 
is shown to be identical with Mohr's circle of stress. 
2. Properties of the directional derivative of H and 
iH may be stated as follows: 
a. The directional derivative of iH, taken 
tangent to any arc, is the resultant stress 
acting upon that arc« 
As corollaries of (a)^ 
b. The directional derivative of H, taken 
tangent to a stress trajectory, is real. 
c. The directional derivative of H, taken 
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tangent to a stress-free boundary, vanishes 
everywhere along the boundary. 
3. The equations for stresses in curvilinear coordinates 
are derived in a simple manner from properties of 
the directional derivative of H, 
4. A broad interpretation is given to Foppl's transfor­
mation method. It is assumed, when transforming, 
that preservation of the form of Airy's function in 
complex variables is capable of yielding the terms 
of a complete new solution having satisfactory 
boundary stresses. This assumption must be tested 
in an3?" given example with the exception of inversion 
of pure " 51:'-type," "i/>^-type," or "X-'type" solutions 
where satisfactory results are assured. Preservation 
of form is accomplished by transforming only the 
analytic functions PC and ^ where Airy's function 
is written in any of the forms 
i(2 + z)(X+X)+j(5+S), 
F  =  - i  ( Z  -  Z } ( X - X )  *  ^  I S * ? ) ,  
F = 1 (z5r + z X )  + I (f + ?), 
F - i zz IX*X) +1 (<•*?). 
In place of 2 and "2, the new variables are 
written. The same function which maps the region 
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is used to transform ^ and ^ . Thus a new Airy's 
function is assured. 
5, New derivations of a number of known solutions are 
obtained in the manner described in 4, 
6» A criterion for single valued displacements is 
developed. It may be stated as follows: 
Single valued displacements are obtained in 
any region where X « x'and S' are single 
valued. 
This criterion holds where jX" and ^ are defined 
in any of the four forms of Air^r's function given 
in 4. 
B. Conclusions 
Krom this study the following conclusions have been 
formulated: 
1. Added power and usefulness is given to Airy's 
function, F, by its representation as a function 
of complex variables. In particular, the derived 
function 
possesses useful properties through its directional 
derivative, dH/dz. 
2. The preservation of arbitrar37- forms of Airy's 
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function, F, accomplished transforming only the 
analytic functions contained in the chosen form of 
F, is capable of yielding new solutions of value. 
3. In general the process of obtaining new problems bjr 
transformation methods is, as yet, a trial process. 
It requires investigation of possible stresses upon 
the boundary of the transformed region. An exception 
is Michell's process of inversion which is identical 
with Foppl's process when the given Airy's function 
is a pure "gp-type,'* "Y^-type," or "JXT-type" solution. 
4, There are indications that transformation processes 
of obtaining new stress problems are capable of 
greater development and are deserving of further 
stud;^?-. 
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